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Abstract
The index of a curve is the smallest positive degree of divisors which are rational over a fixed base field.
The period is the smallest positive degree of divisor classes rational over the base field. Lichtenbaum proved
certain divisibility conditions relating the period, index, and genus of a curve over a local field. We prove
that his conditions are sharp by finding a curve of every admissible period, index, and genus. Our proof
constructs degree two covers of elliptic curves with split multiplicative reduction.
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1. Introduction
A curve Y may not have any points over a base field K . One can ask how large an extension
field we need before finding a point. To this end, the index I (Y ) is defined to be the g.c.d. of the
degrees of all finite field extensions of K over which our curve has a rational point. The index
is also equal to the g.c.d. of the degrees of all K-rational divisors on Y , where Y = Y × K for
K an algebraic closure of K . It is not always easy to calculate, but there is a simpler related
quantity, the period P(Y ). The period is defined to be the g.c.d. of the degrees of K-rational
divisor classes. We would like to explore the relationship between P(Y ) and I (Y ).
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158 S. Sharif / Journal of Algebra 314 (2007) 157–167In the remainder of this paper, all curves are assumed to be smooth, proper, and geometrically
integral over a base field K . Let K be a local field; that is, the fraction field of a complete discrete
valuation ring with finite residue field. A local field is either the completion of a number field at
some non-archimedean place, or Fq((t)) for some prime power q . The finiteness of the residue
field is equivalent to K being locally compact under the usual topology; see [7] for a detailed
study of local fields.
Lichtenbaum in [6] used Tate duality to prove
Theorem 1 (Lichtenbaum’s Theorem). Let Y be a curve of genus g over a local field K . If P and
I are the period and index, respectively, of Y , then (a) P | (g − 1); (b) I = P or 2P ; and (c) if
I = 2P , then (g − 1)/P is odd.
Note that the last part, in the case g = 1, implies P = I . Also in the g = 1 case, there is
no restriction on the period. Call a triple of positive integers (g,P, I ) locally admissible if the
integers satisfy the divisibility conditions of Lichtenbaum’s Theorem.
The main theorem is a converse to Lichtenbaum’s Theorem in almost all cases:
Theorem 2 (Main Theorem). Let K be a local field of characteristic = 2, and suppose (g,P, I )
is a locally admissible triple. Then there exists a curve Y over K of genus g, period P , and
index I .
The basic idea for the proof of the Main Theorem is to consider a principal homogeneous
space X for a given elliptic curve with split multiplicative reduction, and then a degree two cover
Y of X. The Riemann–Hurwitz Theorem allows us to control the genus and the period of Y .
What remains is an explicit computation of the index using the Tate model of X.
The results in this paper first appeared in [8].
The next section gives prior results on the period and index over local fields, as well as a
useful lemma. Section three gives background on Tate curves. The proof of the Main Theorem
occupies the remaining sections. First we prove the theorem for genus 1 curves, then for higher
genus curves with I = P , and finally for higher genus curves with I = 2P .
For a given field F , let GF be the absolute Galois group of F ; that is, Gal(F sep/F ) where
F sep is a separable closure of F . If E is an elliptic curve over F , E[P ] means the kernel of
multiplication by P , [P ] :E → E.
2. Related results
Most of the research into period-index problems has gone into the global case; see [2] or [8]
for definitive results over number fields, as well as additional background. Aside from Lichten-
baum’s Theorem, the main reference in the local case is [5] by S. Lang and J. Tate. In that paper,
K is the fraction field of a complete discrete valuation ring R with finite or algebraically closed
residue field, and E is an elliptic curve over K . Fix a minimal model E˜ for E; that is, an integral
Weierstrass equation for E whose discriminant has minimal valuation. Then E is said to have
good reduction over K if the reduction of E˜ to the residue field is non-singular. (See [9, p. 179]
for more details.) Given a curve X over K , a field extension L/K is said to split X if X(L) = ∅.
(We also say that L is a splitting field for X.) Lang and Tate showed
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period P , and the characteristic of K does not divide P , then a finite extension L/K splits X if
and only if P divides the ramification index of L/K .
The conclusion implies P(X) = I (X). By using the fact that every genus 1 curve over the
residue field has a point [3], they reduce to the case where K = Kunr, the maximal unramified
extension of K . Since P is coprime to the characteristic of K , E(K) is divisible by P , and the
Kummer sequence for E gives an isomorphism H1(GK,E(K))[P ] with Hom(GK,E[P ]). The
proof follows. This result provides a concrete description of all possible X as well.
Lang and Tate also proved the following:
Theorem 4. Let K be a field with infinitely many abelian extensions with exponent exactly P . If
E/K is an elliptic curve such that E(K)/PE(K) is finite, and such that E(K) contains a point
of exact order P , then there are infinitely many principal homogeneous spaces X for E satisfying
P(X) = I (X) = P .
The proof is straightforward—namely, there are infinitely many homomorphisms
GK → Z/PZ ↪→ E(K)
and by the hypothesis on E(K)/PE(K), almost all of these will give rise to X as in the conclu-
sion.
P. Clark, in [1], proves the following:
Theorem 5. Let K be a Henselian discretely valued field with perfect residue field. Assume that
there is a cyclic, degree I , unramified extension KI/K . Then for any non-negative integer g such
that I | 2g − 2, there exists a curve C over K with the following properties:
(a) I (C) = I .
(b) C(KI ) = ∅.
(c) If I is odd or g = 1, then a finite extension L/K satisfies C(L) = ∅ iff L ⊃ KI .
(d) Otherwise, a finite extension L/K satisfies C(L) = ∅ iff L contains KI/2, the unique subex-
tension of KI/K of degree I/2 over K , and 2 | e(L/K).
Clark’s methods are significantly different from those used in this paper.
Suppose that Y , Y ′ are curves of arbitrary genus over K . We will need the following result
later:
Lemma 6. If ϕ :Y → Y ′ is a finite K-morphism of degree d , then
(a) P(Y ′) | P(Y ) and I (Y ′) | I (Y ); and
(b) P(Y ) | dP (Y ′) and I (Y ) | dI (Y ′).
Proof. Let us consider the claims on the periods. We will use the characterization of the period
as the g.c.d. of the degrees of GK -invariant invertible sheaves on X. The map ϕ∗ : (PicY )GK →
(PicY ′)GK preserves degrees, proving P(Y ′) | P(Y ). On the other hand, ϕ∗ : (PicY ′)GK →
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lows from a similar argument on the divisor groups. 
In the remainder, we use the following notation:
K a local field such that the characteristic of K does not equal 2,
π a uniformizer for K ,
v the associated discrete valuation, normalized so that v(π) = 1,
g the target genus,
P the target period,
I the target index,
m is set equal to (g − 1)/P , so by Lichtenbaum’s Theorem, if m is even, then I = P ,
E an elliptic curve over K .
3. Tate curves
All of the following information can be found in greater detail in [10, Chapter V].
Let sk(q) be the infinite sum
∑
n1
nkqn
1−qn . Define
a4(q) = −5s3(q) and a6(q) = −5s3(q) + 7s5(q)12 .
Both series have coefficients in Z and converge for q ∈ K∗ provided v(q) > 0. For such q , let
Eq be the elliptic curve with model y2 + xy = x3 + a4(q)x + a6(q); Eq is known as the elliptic
curve with Tate parameter q .
Theorem 7. The j -invariant of Eq is given by
j (Eq) = 1
q
+ 744 + 196884q + · · ·
where all the coefficients are integers. Additionally, there is a rigid analytic isomorphism
Eq(K) ∼= K∗/qZ
which respects the action of Gal(K/K). That is, for every field extension L/K , we have
Eq(L) ∼= L∗/qZ
and this isomorphism is functorial in L.
Proof. See for example Silverman [10, Chapter V, §3]. 
By reducing a4 and a6 modulo (π), one can see that Eq has split multiplicative reduction;
that is, if E˜q is a minimal model for Eq , then the reduction of E˜q is singular, the singularity is a
node, and the tangent directions are rational over the residue field (see [9, p. 179]). Tate proved
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curve Eq which is isomorphic to E over K . However, we will not need this result.
Let us omit the subscript q . In order to study the function field K(E), one can employ rigid
analytic methods. We start by defining θ :K∗ → K as
θ(u) = (1 − u)
∏
q1
(1 − qnu)(1 − qn/u)
(1 − qn)2 .
One can easily verify that since q has positive valuation, the product is well-defined. We have
the functional equation
θ(qu) = −1
u
θ(u).
For a ∈ K∗, let θa denote the function θa(u) = θ(u/a).
Suppose we let
g = μ
∏
θti∏
θsi
(1)
for some μ, ti and si in K∗. Then g induces a function from K∗/qZ → K precisely when
g(qu) = g(u). But K∗/qZ is canonically isomorphic to E(K), so in this case g comes from
an element of K(E), which we also call g. From the functional equation, we see that this occurs
if and only if (i) the product of the ti equals the product of the si , and (ii) the number of factors
of θ in the numerator equals the number in the denominator. Furthermore, since the zero set of θ
is qZ, we have
div(g) =
∑
ti −
∑
si (2)
where · denotes the quotient map K∗ → K∗/qZ. Notice that the two conditions (i) and (ii) are
precisely the conditions we need to ensure that the divisor above is principal.
4. The genus 1 case
Let q = πP and let E be an elliptic curve over K with Tate parameter q , as in the previous
section. Let KP be the unique unramified extension of K of degree P . Identify E(K) with
K∗/qZ as in the previous section, and for t ∈ K∗ let t be the image of t in K∗/qZ. If σ denotes
the Frobenius element for Gal(KP /K), we can define a homomorphism
Gal(KP /K) → E(K),
σ 
→ π
which, by factoring through the quotient, extends to give a homomorphism ξ :GK → E(K). The
image of ξ lies in E(K), so we can view ξ as a 1-cocycle representing a cohomology class in
H1(GK,E(K)). Let X be a principal homogeneous space corresponding to ξ , so X is a genus
1 curve with Jacobian E. We have X(K) ∼= K∗/qZ with the twisted Galois action given by ξ .
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by γ t . We will write t for the corresponding element of X(K). (This is the same notation as for
points in E(K); which curve we are referring to should be clear from context.) We have
γ (t) = ξ(γ )γ t.
The right-hand side denotes the multiplication in K∗/qZ inherited from K∗. Note that this action
coincides with the action of E on X, by “translation.”
If we lift σ to any element of GK , also called σ , we have
σ(t) = ξ(σ )σ t = π · σ t.
Notice that X(KP ) = ∅ by, for instance, considering t = 1; thus, I (X) | P .
Now suppose L is a splitting field for X. I wish to show that L must contain KP . Suppose
t ∈ X(L). Let τ ∈ GL. Then
τ(t) = ξ(τ )τ t = t .
Since τ preserves valuations, we must have v(ξ(τ )) ≡ 0 (mod P). But by construction of ξ , it
follows that ξ(τ ) = 1. Therefore GL is contained in GKP , and L contains KP .
This shows that P | I (X). Together with I (X) | P , above, we have I (X) = P . According to
Lichtenbaum’s Theorem, genus one curves satisfy I = P , so that P(X) = P also. This completes
the proof of the case g = 1.
5. Set-up for higher genus curves
Let X be as in the previous section. Let f ∈ K(X)∗ such that f is not in K(X)∗2. Since
X is a proper curve, the rational map X → P1 given by P 
→ [f (P ) : 1] uniquely extends to a
morphism f˜ . Let Y be the normalization of P1 ×P1 X, where the maps to the base are [u : v] 
→
[u2 : v2] and f˜ .
One sees that Y is a smooth, projective, geometrically integral curve with function field
K(X)(
√
f ). The projection ϕ :Y → X is induced by the natural inclusion K(X) ↪→ K(X)(√f ).
Any point in Y(K) can be specified by coordinates (a,Q) where Q ∈ X(K) and a ∈ K satis-
fies a2 = f (Q), except for the points lying above the poles of f . These latter will be known as
“points at infinity.”
We now compute the genus and period of Y . The projection ϕ :Y → X is a degree 2 K-
morphism. The ramification points of ϕ are precisely those points in the support of div(f ) with
odd multiplicity. Since the divisor of zeros of f is GK -invariant, there are m1P points with odd
multiplicity in its support for some integer m1. Similarly, there are m2P such points amongst the
poles for some integer m2. Notice that m1 is even if and only if the degree of the divisor of zeros
is an even multiple of P , and a similar statement holds for m2. But the degree of the divisor of
zeros equals that of the divisor of poles, so m1 and m2 are either both even or both odd. In either
case, the total number of ramification points is an even multiple of P , say 2mP .
The Riemann–Hurwitz Theorem then tells us that g(Y ) = mP + 1. By Lichtenbaum’s Theo-
rem, P(Y ) | mP . Applying Lemma 6, we find P | P(Y ) | 2P . Hence if m is odd, P(Y ) = P . If
m is even, P(Y ) = P or 2P . In this case, if we show that the index I (Y ) equals P then, together
with Lichtenbaum’s Theorem, we will get P(Y ) = P .
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equal to 2 comes into play. For if the characteristic were 2, there could be wildly ramified points
with respect to ϕ which would interfere with our calculation of the genus, period, and index of Y .
The remainder of the proof involves choosing f appropriately to get every possibility. In the
construction of f , we will use the following notation. If t ∈ X(F) for F/K Galois, let Nm∗F/K(t)
be the divisor given by
∑
γ∈Gal(F/K)
γ (t) =
∑
γ∈Gal(F/K)
(
ξ(γ )γ t
)
where the sum is taken in DivX. Notice that Nm∗F/K(t) lies in DivX.
We will need to know when a K-rational divisor D on X is principal. Considered as an
element of DivX, we can write D =∑ai(ti) with ai ∈ Z and ti ∈ X(K) = K∗/qZ.
Lemma 8. D = divf for some f ∈ K(X) if and only if∑ai = 0 and∏ ti ai = 1.
Proof. Let Princ(X) be the group of principal divisors on X. We have the short exact sequence
0 → K∗ → K(X)∗ → Princ(X) → 0.
Taking GK -cohomology and applying Hilbert’s Theorem 90, we see that K(X)∗ surjects onto
Princ(X). Therefore it suffices to show that the induced divisor on X is principal. Since E is the
Jacobian of X, D is principal if and only if the degree of D is zero and
∑
miPi is trivial, where
Pi varies over SuppD and has multiplicity mi , and the sum is taken with respect to the group
law of E. The isomorphisms X(K) ∼= K∗/qZ ∼= E(K) take ti , as a point of X(K) to ti as a point
of E(K). The conclusion follows. 
We will also need the following lemma.
Lemma 9. Let F/K be a finite unramified extension. Then there exists t ∈ F such that F = K(t)
and NmF/K t = 1.
Proof. Suppose [F : K] = n, and let Fq be the residue field of K . Then Fqn is the residue
field of F . The kernel of the norm F∗qn → F∗q is a cyclic group of order (qn − 1)/(q − 1).
Let t ′ be a generator for this kernel. By a counting argument, it follows that Fqn = Fq(t ′). We
have (t ′)qn−1 − 1 = 0. By Hensel’s Lemma, there exists an integral element t ∈ F such that
tq
n−1 − 1 = 0, and such that the reduction of t modulo the maximal ideal is t ′. Since F/K is un-
ramified, comparing degrees shows that F = K(t). But t is a root of unity, and NmFqn /Fq t ′ = 1;
therefore NmF/K t = 1. 
The proof will proceed in two parts: I = P and I = 2P . Since we have done the case g = 1,
we assume from now on that g  2.
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Recall that m = (g − 1)/P . First assume m = 1. Choose t as in Lemma 9 for F = KP . Define
a divisor D ∈ DivX by
D = Nm∗KP /K(1) − Nm∗KP /K(t).
The points in the orbit of Nm∗(t) are of the form (u), where u is a primitive element for KP /K .
Therefore, Nm∗(t) and Nm∗(1) have disjoint supports. Since NmKP /K(t) = 1, Lemma 8 tells us
that D equals div(f ) for some f ∈ K(X)∗. Construct Y as in the last section. Then the points
1,π, . . . , πP−1 of X are ramified. The formal sum of the points lying above them in Y is a K-
rational divisor of degree P . Therefore I (Y ) | P . There are a total of 2P ramified points, so
g(Y ) = P + 1 = g. But P(Y ) | P from the last section, so P(Y ) = I (Y ) = P .
Now suppose m  2. Let L,L′ be the unramified extensions of K of degree (m − 1)P and
mP , respectively. Choose t, tL, and tL′ as in Lemma 9 for the extensions F = KP ,L, and L′,
respectively. If m = 2, t and tL may be conjugates of each other. If this is true, replace t with
t
1+π and tL with tL(1 + π). In any case, the conjugates of t , tL, and tL′ are distinct from each
other, and
NmKP /K t · NmL/K tL
NmL′/K tL′
= 1.
Define
D = Nm∗KP /K(t) + Nm∗L/K(tL) − Nm∗L′/K(tL′).
The summands have disjoint support, are K-rational (so D ∈ DivX) and have degree P,
(m − 1)P , and mP , respectively. By the formula above, D is principal, equal to div(f ) say.
Let Y be the corresponding bielliptic curve. The divisor consists of three distinct Galois orbits,
and any point in each orbit must be of the form u where u ∈ K∗ is a primitive element for the
appropriate field extension. If m > 2, the extensions KP , L, and L′ are distinct. Therefore the
conjugates of t , tL, and tL′ are distinct from each other. If m = 2, our choices of t , tL, and tL′
guarantee this conclusion anyway.
Therefore all points in the support of D have multiplicity one, and the genus of Y is
mP + 1 = g. The points of Y which lie above the points in the support of Nm∗KP /K(t) are
ramified, so there are P of them. But then the sum of these points is a K-rational divisor on Y ,
and hence I (Y ) | P . But P | P(Y ), so I (Y ) = P(Y ) = P . This concludes the proof in the case
I = P .
7. Case ii: I = 2P
According to Lichtenbaum’s Theorem, the I = 2P case occurs only if m is odd, which we
assume from now on. Let L,L′ be the unramified extensions of K of degrees mP and 2mP ,
respectively. Using the same method as in the proof of case i, we can find s, t ∈ K for which
L = KP (s) and L′ = KP (t), and so NmL/KP (s) = NmL′/KP (t) = 1.
We would like to construct f ∈ K(X)∗ such that
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= Nm∗L′/K(t) − Nm∗L′/K(s).
But such f is only unique up to multiplication by K∗. We will need to control the “lead coeffi-
cient” of f . To this end, consider the commutative diagram of curves over K ,
X
f˜
ψ
E.
g˜
P
1
Here, ψ is the isomorphism induced by ξ , the defining cocycle for X, and f˜ is the unique
morphism extending the rational map Q 
→ [f (Q) : 1]. We will construct g ∈ K(E)∗, which
will induce the morphism g˜. Then f can be defined as the unique function which makes the
diagram commute—namely, f˜ = g˜ ◦ ψ . Then we will need to show that f has the specified
divisor and is GK -equivariant, at which point we will be ready to prove the Main Theorem.
Let σ be the Frobenius element of Gal(L′/K) (this is compatible with our last definition of σ ).
Let xi be any lift of ξ(σ i) to K∗. Choose
ti = xi · σ i t,
si = xi · σ i s,
μ = π,
where i = 0,1, . . . ,2mP − 1, and define g in (1) with these choices. For convenience, we may
choose xi = πi .
Lemma 10. Let g be defined as above, and let f ∈ K(X) satisfy f˜ = g˜ ◦ ψ . Then f ∈ K(X)∗
and
div(f ) = Nm∗L′/K(t) − 2 Nm∗L/K(s)
= Nm∗L′/K(t) − Nm∗L′/K(s).
Proof. From NmL/KP (s) = NmL′/KP (t) = 1 it follows that g ∈ K(E). Let u ∈ K∗. Since
σ i(u) = xi · σ i u, and ψ(u) = u, the computation of the divisor of f follows at once. To prove
rationality, it suffices to show that f σ = f , where f σ (u) means σf (σ−1(u)). We have
f σ = (g ◦ ψ)σ
= gσ ◦ ψσ
= gσ ◦ ξ−1σ ◦ ψ.
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gσ /(g ◦ ξσ ) = 1. Treat g as a q-periodic function on K∗. When we do this, we can set θσa = θσ a
and θa ◦ ξσ = θa/π for any a ∈ K∗, allowing us to rewrite gσ /(g ◦ ξσ ) = 1 as
2mP−1∏
i=0
θσ ti
θti/π
θsi/π
θσ si
= 1.
But ti/π = σ ti−1 unless P | i, in which case qti/π = σ ti−1. (We interpret t−1 as t2mP−1.) The
same statement holds after replacing ti with si . After cancellations, we are reduced to showing
2m−1∏
k=0
θqtkP /π
θtkP /π
θskP /π
θqskP /π
= 1.
Repeatedly applying the functional equation for θ , the above becomes
NmL′/KP (t/s) = 1.
From our choice of t and s, this is true. 
Construct the bielliptic curve Y corresponding to f as before, and let ϕ be the projection from
Y onto X. The zeroes of div(f ) have multiplicity 1, while the poles have multiplicity 2, so the
genus of Y is mP + 1 = g.
Recall that a K-point of Y away from infinity is specified by a pair (a,Q) satisfying a ∈ K ,
Q ∈ X(K), and a2 = f (Q). As shown in the construction of X, the field of definition of Q must
contain KP .
We will need the
Lemma 11. Let Y be a non-singular projective variety over a field K , and let S be a finite set of
points in Y(K). If D ∈ DivY , then there exists D′ ∈ DivY such that D′ is linearly equivalent to
D and SuppD′ ∩ S = ∅, where Supp denotes the support of a divisor.
Proof. See [4, p. 166 et seq.]. 
Lemma 12. The index I (Y ) equals P if and only if there exists Q ∈ X(K) such that [K(Q) : KP ]
is odd and f (Q) ∈ K(Q)∗2.
Proof. Suppose I (Y ) = P . Then there is some K-rational effective divisor D on Y of degree kP
for k an odd integer. We may assume that D is irreducible. Then ϕ(D) is an irreducible divisor
on X. Consider the image of ϕ(D) in DivX, which we call ϕ(D), and similarly let D be the
image of D in DivY .
By Lemma 11 we may assume that no point in SuppD lies over infinity in Y(K). By
considering the degree of ϕ(D), and noting that for any Q ∈ X(K), K(Q) ⊃ KP , we see
that if Q ∈ Suppϕ(D), then [K(Q) : KP ] must be odd—indeed, the degree must be k. If
f (Q) /∈ K(Q)∗2, then both points in Y(K) lying above Q, (√f (Q),Q) and (−√f (Q),Q),
must lie in the support of D. But then the degree of D would have been 2kP , contradicting our
assumption. This completes the proof of the forward implication.
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Proof of Main Theorem, Case ii. Let Y be as above. We have already shown that the genus of
Y is g. Now we appeal directly to the previous lemma. Let Q ∈ X(K) such that [K(Q) : KP ] is
odd. We will show that f (Q) /∈ K(Q)∗2.
Let Q = u, where u ∈ K∗. Let K˜ = K(Q) · KmP . Since KmP is an odd degree Galois exten-
sion of KP , K˜ has odd degree over KP . It suffices to show that g(u) /∈ K˜∗2. The θ factors in
the expansion for g can be split into pairs which are conjugate by the action of σmP , which is
the non-trivial element of Gal(L′/L). The product of each pair, evaluated at u, factors through
the norm from L′K˜ to K˜ . Therefore g(u)/π lies in Nm
L′K˜/K˜ (L
′K˜)∗. Since [K˜ : KP ] is odd,
L′K˜ = K˜ , so the norm subgroup is non-trivial. On the other hand, π cannot lie in the norm sub-
group, for then it would be the norm of something with valuation 1/2—again because [K˜ : KP ]
is odd, this is impossible. We have then g(u) does not lie in the norm subgroup. But the norm
subgroup from a quadratic extension always contains the squares. Therefore g(u) is not a square,
and I (Y ) = P .
By hypothesis, m is odd, so we know P(Y ) = P . By Lichtenbaum’s Theorem, I (Y ) = 2P ,
and we are done. 
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